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ol Introduction

fologic properties of geologic media always exhibit a high
I€¢ of spatial variability at various scales due to the het-
#Neous nature of geologic formations. Detailed character-
On of inherent aquifer heterogeneity is necessary for an
te assessment of groundwater resources and pollution
lems,

itional characterization approaches have adopted homo-
‘ tonceptual models that assume aquifer homogeneity
BVE attempted to derive effective hydraulic parameters
RO drawdowns from a single pumping test, for example,
oy Theis (1935) ang Cooper and Jacob (1946) for confined
and thoge by Boulton (1963), Dagan (1967), Streltsova
Neuman (1972), Moench (1995), Mathias and Butler
nd Mishra ang Neuman (2010) for unconfined aqui-
= CUrve methods are often employed to obtain an effec-
~UBENCOUs parameter (see Chapter 29). Wu et al. (2005),
€ et a], (2007), and Huang et al. (2011) challenged these
Mal aquife, test methods,

914
... 916

Geostatistical method permits investigators to interpolate
and extrapolate hydraulic parameters derived from core sam-
ples, or pumping tests from severa] boreholes in the field to
estimate the spatial distribution of hydraulic parameters over
a large domain. It can preserve the sample values at sampling
locations, and it estimates parameter values at locations where
samples are not available based on spatial statistics to derive
statistically unbiased estimates. The accuracy of these esti-
mates relies on the density of spatial samples and representa-
tiveness of the samples. For most field problems, the density
of samples is sparse and the estimates are of great uncertainty
(Ni et al.,, 2009).

While the concept of hydraulic tomography (HT) has been
proposed by many in the past, the pioneering development of
3-D HT technology for mapping 3-D hydraulic heterogeneity
by Yeh and Liu (2000) and Zhu and Yeh (2005) has motivated
many researchers to investigate the potentials for characterizing
the spatial distributions of hydraulic parameters using HT dur-
ing the past decade. HT is merely a sequential pumping test or
multi-well interference test. Specifically, an aquifer is stressed by
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pumping water from or injecting water into a well (or a location
of an aquifer), and the responses of the aquifer are monitored at
other wells (locations). Sequentially switching the pumping or
injection locations, without installing additional wells, results in
a large number of aquifer responses induced by stresses at dif-
ferent locations. Each set of stress/responses data is tantamount
to a snapshot of the aquifer heterogeneity at a different location
(or angle and perspective), carrying nonredundant information
about aquifer heterogeneity. A joint interpretation of these non-
redundant datasets therefore makes H'T possible to characterize
aquifer with high resolution.

We categorize the past HT research works into three catego-
ries: numerical studies, sandbox investigations, and field veri-
fications. The numerical studies include works by Yeh and Liu
(2000), Vasco and Karasaki (2001), Bohling et al. (2002), Zhu and
Yeh (2005), Fienen et al. (2008), Ni and Yeh (2008), Castagna and
Bellin (2009), Xiang et al. (2009), Liu and Kitanidis (2011), Cardiff
and Barrash (2011}, Cardiff et al. (2013), Mao et al. (2013b), and
Zha et al. (2014). Meanwhile, some researchers have conducted
sandbox experiments to test and verify the potential of using
laboratory experiments, for example, Liu et al. (2002, 2007),
Brauchler et al. (2003, 2013), Illman et al. (2007, 2010, 2012),
Yin and Illman (2009), and Zhao et al. (2015). Moreover, field
experiments have also been conducted to test the ability of HT,
for example, Bohling et al. (2007), Li et al. (2007), Straface et al.
(2007), Cardiff and Barrash (2011), Illman et al. (2009), Berg and
Illman (2011a,b), Brauchler et al. (2011), and Huang et al. (2011).

Over the past decade, these studies have consistently shown
that HT can identify not only the pattern of the heterogeneous
hydraulic conductivity field but also the variation of specific stor-
age, as well as unsaturated parameters. More importantly, they
have demonstrated that the hydraulic property fields estimated
by HT can yield much better predictions of flow and trans-
port processes than conventional characterization approaches
(e.g., Liu et al, 2007; Xiang et al., 2009; Berg and Illman, 2011b;
Illman et al,, 2012). More recently, Hao et al. (2008), Illman et al.
(2009), and Sharmeen et al. (2012) have also demonstrated the
success of HT for characterizing fracture connectivity.

As HT has been proven as a matured new technology for aqui-
fer characterization over the past decade, it is the intention of
this chapter to provide an introduction to this matured technol-
ogy to groundwater hydrologists and engineers for its broader
applications. As a result, in this chapter, we first discuss the
governing flow equations, and then stochastic conceptualiza-
tion of the parameters in the equations. Afterward, we introduce
cross-correlation analysis to explain the information content of
observed heads at a sample location about hydraulic parameters
everywhere in confined and unconfined aquifers. Based on the
results of the cross-correlation analysis, the rationale behind the
HT is elucidated. We subsequently discuss the key algorithm for
HT analysis (i.e., successive linear estimator [SLE]) for steady-
and transient-state flow in confined and unconfined aquifers.
Then, we discuss a strategy for implementation of HT analysis
and three HT examples. At last, some extended applications in
geophysics are introduced.
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32.2 Governing Equations

Flow of groundwater is governed by differential equations under
various conditions. We first introduce different flow regimes and
the corresponding governing equations,

32.2.1 Governing Equation for Steady-
State Flow in Confined Aquifers

For 3-D groundwater flow under steady-state condition in het-
erogeneous porous media, flow can be described by the follow-
ing equation and boundary conditions:

V- [Kx)V§]+Q(x,) =0

o O

A, =06 (321) L
[Kx)Ve]-n| =g 4
ref

(141
hye
bec

where

V is the differential operator

¢ is total head (m)

x is the spatial coordinate (x = {x, y, z}, [m]), and z represents
the vertical coordinate and is positive upward

Q is the pumping rate (1/s) at the selected interval during the
tomography experiment

K(x) is the saturated hydraulic conductivity field (m/s)

Prescribed total head on the Dirichlet boundary Iy i
denoted by ¢* (m) and the Neumann boundary I, condition
has specified flux g (m/s), and n is a unit vector normal to th
boundary.

32.2.2 Governing Equation for Transient-
State Flow in Confined Aquifers

Under transient condition, the change of the elastic sto
the aquifer should be considered, and the governing eql
under transient-state condition in heterogeneous porou
becomes

(3]
v [KOOVH]+ Qlx,) =S (0 28

o, =o'
[Kx)V$]-n| =g

¢i{=0 =gy
where §,(x) is the heterogeneous specific storage ( “'-"-‘

flow domain is prescribed with an initial condition @688
i - ition.
conditions are similar to the steady-state conditio ‘
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32.2.3 Governing Equation for Transient-
State Flow in Unconfined Aquifers

With the inclusion of unsaturated flow in unconfined aquifers,
we chose variably saturated flow equation as a suitable candidate
to describe it:

V- [Klo.x)V(p+ 2)[+Qx,) = [08,(x)+ C((P,X)]g%

cpfrJ =g (32.3)
[K(@.x)V(p+2)]- n| =g
(‘DJr:O = (p“

Often, pressure head ¢ is used in the governing equation rather
than total head ¢ to emphasize the pressure-dependent hydraulic
parameters. The saturation index o is equal to one if the medium
1§ saturated and zero if the medium is unsaturated. 8(gp, x)
represents the volumetric moisture content, C(q, x)=d8(¢p, x){dy
{1/m) is the soil moisture Capacity, and K(g, x) is the unsaturated
hydraulic conductivity. Both conductivity and water content
become pressure dependent,

The van Genuchten model (1980) is often used to describe the
pressure-dependent water content:

8.(x)-0,(x)

E (32.4)
[ 1 +]a(x)(p(x)ﬁ”]

O(p,x) =0, (x) +

Where 8, and B; are the residual and saturated moisture content.
Ihe parameter q s related to the inverse of the air entry suction
{l/m). 1 is a measure of the pore size distribution and m = 1-1/n.
k0cation vector x is added in each parameter of Equation 324
0 emphasize the heterogeneous distribution. The correspond-
g hydraulic conductivity is derived by Mualem (1976) and it is
Biten expressed with the effective saturation S, as a variable

K(S) =K.t [1- -8y (32.5)

Mere [ is ap empirical pore connectivity parameter, and 0.5 is
t€N selected, The expression for effective saturation is

_ O(g,x)-0,(x)
Sa (X) = m (32.6)

fons 324 through 32.6 describe the pressure-dependent
Siheters Precisely. However, it brings convergence problem
"8 parameter estimation process, Therefore, some simpli-
!Jlodels are often used instead. Gardner (1958) and Russo

Models are often used. The following two equations

e the Pressure-dependent hydraulic conductivity and
“UTe content,

K, x) = K, (x)e*x0 (32.7)
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8(p,x) = 6, +(0, —B,) e setxi 1 _ 0Saxp]l” " (328

where m is related to the tortuosity of the soil and is often
assumed to be zero for simplicity and a is the parameter related
to pore size distribution.

32.3 Stochastic Representation
of Heterogeneity

For the application of HT concept, most of the existing meth-
ods rely on the stochastic representation of heterogeneity. To
describe the spatial variability of the hydraulic conductivity,
K(x), we normally use the natural logarithm values In K(x) as the
variables not only because it is generally found to have a log nor-
mal distribution (Sudicky, 1986), but also it could avoid negative
values in generating random fields. Based on stationary assump-
tion, In K(x) can be processed as

InK(x)=Y = f + f(x) (32.9)

where
vector X represents the spatial location
_)—“ denotes the mean of In K{(x), which is constant in space
f(x) is the perturbation (or random part) about the mean

To describe the spatial variability of the process, we then specify
its mean, variance, and autocovariance:

Mean E[lnK(x)]= f (32.10)

Variance cﬁ‘ = E!:(ln K(x)- ?)2} (32.11)

Autocovariance function ClE)= G} exp(—%*&‘q (32.12)

.

Here we use a 3-D isotropic stochastic process as an example,
where £ is the distance between two spatial points and 2 is the
isotropic correlation scale. Of course, variogram can be used to
replace the covariance function. Variogram could be obtained
with less stringent intrinsic hypothesis than the second-order
stationary used for autocovariance (see Chapter 34 for details).

With the same stochastic assumption, the logarithm of
other hydraulic parameters could be treated with a mean and a
perturbation;

InS (x) =5 + s(x); Ine(x)=a +alx); In 0.(x)=1¢ +1,(x)
(32.13)

At the same time, the corresponding hydraulic head can also be
represented in this manner-

¢ = H(x)+h(x) (32.14)
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where
H(x) is the mean hydraulic head
h(x) is the head perturbation

With the aforementioned stochastic representations for
hydraulic parameters and the corresponding head response
incorporation into groundwater governing equations, and com-
bined with cokriging geostatistical method, HT methods could
be implemented.

32.4 Cross-Correlation between
Head Measurements and
Parameter Fields

During HT parameter estimation, head observations from dif-
ferent pumping tests are analyzed together to obtain a high
resolution characterization, The rationality behind this is that
different observation datasets reflect the heterogeneity in differ-
ent regions of an aquifer. Cross-correlation analysis can be uti-
lized to show information content for each observation data. We
advocate the use of cross-correlation rather than sensitivity for
evaluating the information content in each observation data (see
discussion in Mao et al., 2013a).

The cross-correlation analysis is a sensitivity analysis
casted in a stochastic framework. It employs the stochas-
tic or geostatistic concept. It includes not only the variance
of the parameter but also the spatial covariance function
or variogram of the parameter to depict how an observed
head is influenced by unknown spatial variability of
parameters. Physically, the variogram represents the aver-
age dimensions of “geofabrics” (i.e., layers, stratifications,
or structures) in the aquifer. The cross-correlation analysis
therefore considers not only the governing flow equation
and the most likely value of hydraulic properties (as in sen-
sitivity analysis), but also the possible magnitude of hetero-
geneity (variance) and the geologic fabrics of an aquifer to
investigate how the head at (x,, t} is affected by the hetero-
geneity in every part of the aquifer.

We introduce the definition of cross-correlation between
head measurements and parameter fields. In the stochastic
frame work, head covariance from the effect of variability of all
the parameter could be approximated as

Ry =J Ryl + LR + LRI+, R, JL (32.15)

where the superscript T denotes the transpose. The diagonal
components of R,, are head variances o} (x;,t). The symbols
are slightly different from Equation 32.30 to emphasize that the
variances of all parameters are evaluated at the start of an inver-
sion process R, not residual variance €. Detailed derivation of
the cross-correlation for each parameter will be discussed in

il
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Section 32.5. We present the cross-correlation for all the param-
eters directly:

Ihj(t)R ia Ihs (t)Rss
Pi(xipt) = ———rc= puslxist) = e
hf o-i(x,-,t)gj. h Jo-f,(x,-,t)ﬁf (3216)
phu(xnt) e ]hri (t)R{m Iﬁ(! (t)Rt,l)

2 2
Ch (Xi ] t)cn

Prs (xh r) -
x_joﬁ(x,-,t)ci

where s Py Pro 20d Py, are the cross-correlation matrix between
observed heads and hydraulic conductivity, specific storage, pore
size distribution parameter g, and saturated water content, which
usually are the unknown parameters during an inverse problem,
o3, (x;,t) is the head variance, which represent the uncertainty in
head at (x;, #), and &7 is the variance of hydraulic conductivity.

The cross-correlation matrices represents the relation between
head at (x,, t) and hydraulic conductivity at each of the N discretized
elements in the domain, which is normalized by the square root of
the product of the variances of 4 at (x,, t) and the corresponding
variance of the parameter. This cross-correlation could be used to
evaluate the information content embedded in the head measure-
ments. We use two published results by Sun et al. (2013) and Mao
etal. (2013a) to illustrate its performance under different conditions.

32.4.1 2-D Confined Aquifer Example

Sun et al. (2013) employed cross-correlation analysis to obtain the
temporal sampling strategy for transient HT analysis. They use
a 2-D confined aquifer to show the variation of cross-correlation
between observation heads and logarithm of transmissivity ¥
and storativity S (which is defined by multiplying the thickness of
an aquifer with K, and ). The numerical analysis was conductedri
in a 200 m x 200 m aquifer surrounded by 100 m constant head
boundary. The pumping well is located at x = 120 m, y = 100 5
and an observation well was at x = 80 m, y = 100 m.

At the early stage of the pumping test ¢ = 200 s, cross-cor
tion p,, (it is similar to p, ) between head and In T has negative ¥
ues over a large area and with the highest correlation ~0.6.1n
region between pumping well and observation well (Figure3
At the same time, cross-correlation py, (it is similar to p,,) DECWES
head and In § has a range from 0.1 to 0.4 (Figure 32.1b). The hig
est values are also confined to a small region between the pus
ing well and observation well. At this very early time, the
depression is restricted to a very small area. Therefore, tho
cross-correlation values is not useful to estimate hydraulic
erties at the observation well and beyond.

With continued pumping, noticeable drawdown has
to the observation well (Figure 32.Ic and d) at £= HPD
high negative values range from —0.5 to 0 in the 1:33“’“' ;
pumping well and observation well. The negative €8
means that if the observation head in a heterogence
is higher than the head calculated from the meamn V&8
aquifer, the T values downstream of the observation ais
to be lower than the mean T value. During this Sa€
value has a range from 0.1 to 0.4 with its highest value
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| Areaare likely to be higher than the mean S value. At this depression has reached to the right-hand side of the boundary.
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early time 3,000 and 20,000 s after pumping started at the pumping well (black circle). White contours are equipotential lines. (From Sun,.
Water Resour. Res., 49, 3881, 2013, Figure 3.)

drops below 0.4 (Figure 32.2b), indicating the effect of storage is When the flow reaches steady state at £ = ?0,000 s, thel
diminishing and flow is moving toward a steady state. At this of Py, is similar to that at t = 3,000 s but tht.alr magml =
time, p;,, has become positive everywhere in the aquifer. There ~where are elevated (Figure 32.2¢). Meanwhile, pﬁgd

are two kidney-shaped humps formed at upstream of the obser-  ish to zero everywhere to show that the stez.td}’ hydrau
vation and at the upstream of the pumping well. not related to S (Figure 32.2d). The two kidney-sha
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pattern of the cross-correlation between In T and the head is dif-
ferent from the sensitivity behavior based on radial symmetric
flow model used by Bohling et al. (2007).

These spatial patterns of the cross-correlation analysis from
the 2-D example provide us some insight for parameters with
respect to S and T. The high values p,, at early time tell us that
observation from this period is good for S estimation; however, it
only gives information for area between pumping well and obser-
vation well. p, has high values over the entire cone of depression
at late time or steady state. Therefore, adding new head data from
this period will bring more information about T heterogeneity.

32.4.2 3-D Unconfined Aquifer Example

Besides the aforementioned 2-D example in confined aquifers,
Mao et al. (2013a) conducted a cross-correlation analysis for all

£=0.36 min
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the hydraulic parameters involved in a 3-D unconfined aquifer,
where the pumping well is located at x = 100 m, y = 100 m and
z =1 m. We chose results for K, and 0, as illustrations for the
changing information content. These two parameters are chosen
to represent the cross-correlation variation for both saturated
and unsaturated parameters.

For the observation pointat x =106 m, y =100 m, and z = 4 m,
as shown in Figure 32.3a at early times, drawdown due to pump-
ing barely reaches the observation location. Most of the water
contributing to the pumping wells is from aquifer compaction
and water expansion. Observation data are negatively correlated
with K, in the small region between the pumping well and the
observation point. At this period, there is negligible amount
of water from the drainage of unsaturated zone; therefore, the
correlation between head and 6, is almost zero, which is not

shown here.
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(c)
MGURE 33 3 Cross-correlation between observed heads at x = 106 m,
-f!ds (@) t = 0,36, (b)
Shite solid point) locates at x =
. =S With arrows are the stream
SSERerated for illustration, (From Mao, D. et al.,

t =45 min, and (c) ¢ = 900 min in a cross-sectional view. The cross section goes through y =
100 m, y =100 m, and z = 1 m. The dashed line shows the location of water table (WT) at the same time, Four black
lines and the three white solid lines are the drawdown contours with the values 0.001, 0.012, and 0.15 m. z-axis is
Water Resour. Res., 49, 713, 2013a, Figures 2b, 4b and 7b.)

120 140

y =100 m, and z = 4 m (black solid points) and K, field at three different
100 m and the pumping well
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In Figure 32.3b, pumping continues, and cone of depression
has already passed the observation location. Head observation
correlates with parameters in larger regions. The negative correla-
tion regions become smaller and two positive correlation regions
formed. One is in the upstream of the observation location and
the other region is on the opposite side of the pumping well, At the
same period for the relation with 6, as indicated in Figure 32.4a,
there is only a small correlation region at the vicinity of water table.
The small region represents the starting drainage from the unsat-
urated zone. Positive correlation means larger saturated water
content could supply more water to the pumping well, which will
maintain a higher observed head in the observation well,

At late times indicated by Figure 32.3c for K,, the cone of
depression expands greatly in lateral directions. Horizontal flow
becomes dominant. At this period, most of the water flowing
in the pumping well originates from the drainage of the vadose
zone. The positive correlated region splits into two regions and
expands to large influence areas. A corresponding 3-D plot is
shown in Figure 32.5a. From this 3-D plot, we could clearly see
that cross-correlation is not symmetric about the pumping well
even though the flow is. In Figure 32.4b, the influence area for 0,
expands to a larger area, which corresponds to the expansion of
cone of depression. It shows that more observation points from
these periods could substantially improve the estimation of 8,
Its corresponding 3-D plot is shown in Figure 32.5b.

These temporal and spatial variations in cross-correlation
contour maps indicate the information content embedded in

t=45 min

Z (m)

60 80

60 80

100
(b) X (m)
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each observation data. This analysis could help us choose rea-
sonable number of data points during inversion and it also justi-
fies the robustness of HT test than a conventional analytical type
curve analysis.

32.5 Successive Linear Estimator

The theory of HT method is explained based on steady-state
flow in a confined aquifer. It is then expanded with the addition
of transient condition and unsaturated flow. We systematically
describe the necessary step for SLE (Yeh et al., 1995, 1996), which
is developed by Yeh's research group, and it is the heart for inter-
preting the data in HT tests.

32.5.1 Steady-State Flow in Confined Aquifers

Suppose the simulation domain is discretized into N blocks,
which means there are N unknown hydraulic conductivity to
estimate. In the field investigation, we have collected H; conduc-
tivity measurements from core samples, ﬁ* =k} — f, where
i=12 .1 (we will refer to these datasets as primary informa-
tion or hard data). At the same time, we have estimated the mean
and correlation structure of the conductivity field based on the
data or geological prior information (stochastic representation in
Section 32.3). Also assume that during a tomographic pumping test
we have collected m sets of n, observation head values ¢;, where

Socooooo
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FIGURE 32.4 Cross-correlation between observed heads at x = 106 m, y =100 m, and z = 4 m (black solid points) and 0, field at two diffe
periods (a) t = 45 min and (b) £ = 900 min in a cross-sectional view. The cross section goes through y = 100 m and the pumping well (white s0
point) locates at x = 100 m, y = 100 m, and z = 1 m. The dashed line shows the location of water table (WT) at the same time. Four black lines wi
arrows are the streamlines and the three white solid lines are the drawdown contours with the values 0.001, 0.012, and 0.15 m. z-axis is exagge
for illustration. (From Mao, D. et al., Water Resour. Res., 49, 713, 2013a, Figures 6b and 9b.)
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FIGURE 32.5 Cross-correlation 3-D isosurface at late time for the parameter (a) K, and (b) 0,. These two figures are corresponding to the 3-D
contour map shown by Figures 32.3¢ and 32.4b. The white solid points represent the pumping wells and observation point is illustrated by the black
points. (From Mao, D. et al., Water Resour. Res., 49,713, 2013a, Figure 10b and d.)

j=w+ L+ 2, L ne+ mny, during m sequential pumping tests.
These head datasets are referred to as secondary information and
there is mn, number of observation data in total,

HT starts with the classical cokriging techniques using the
observed f* and i to construct a cokriged, mean-removed log
conductivity map:

n,' ?1, + iy
S =Y daf )+ Y wahix)  Garm)
=1 J=np+1

where f,(x,) is the cokriged f values at location x,. Here, A, and
Wjo are the cokriging weights associated with x,, which can be
evaluated as follows:

ny ny+mny,
zliuRn(XnX!H Z Mo Rp (x,%) = Ry (x0,%;)
1=1

I=ng 41

i=12,..,n;

" Hi+niy
zlanh_r(Xf,X:)+ Z Mo Ry (x5, %) = Ry (X, X;)
=1

t=ng+1

i=n‘f+1, Hr+2,..,0r +mny (32.18)
Where R, R,,, and R,, are covariances of fand h and the
| CT0ss-covariance between f and h. The covariance R,, and
the cross-covariance Ry, in Equation 32.18 are derived based on
first-order numerical approximation, which will be discussed in
Equations 32,21 through 32,23,

If there are more than one pumping tests (m > 1) during a
;"}mOgraphic test, the observed head data ¢; can be incorporated
Either Sequentially or simultaneously into the estimation pro-
F€85. At the early stage of computational science, because of the
Memory issues and computational power limitation, a sequen-
ﬂ?l method js normally used. Different sequences of incorpo-
?ﬁng PUmping tests may produce slightly different parameters
qlsfribution (Illman et al., 2009) because of the nonlinear gov-
SRINg equations. In this chapter, we describe the algorithm by

incorporating all the test data simultaneously. mn, data are all
used during the cokriging stage in Equation 32.17. Sequential
example could refer to Zhu and Yeh (2005).

The information of hydraulic head may not be fully utilized
because of the nonlinear relationship between fand 4 and the
linear assumption embedded in cokriging. To circumvent this
problem, an SLE is used:

1y +pmy,

K =X+ 3 off [4)-40 )] G219)

J=np+l

where
wy, is the weighting coefficient for the estimate at location &y
with respect to the head measurement at location X;
r is the iteration index

Y/" is an estimate of the conditional mean of In K, which is equal
to the cokriged log conductivity field fi + f at r= 0. The residual
about the mean estimate at an iteration r is Y. In Equation 32.19,

i is the head at the jth location and ¢; is the observed head at
location j. The values of o are determined by solving the follow-
ing system of equations:

Hf +mintg
(Nalr) o ) = {f')(
O & (Xi, %) +1 i = Epy (X0, X;)

I=ny +1

i=tp+1 0 +2,...,n, +mn, (32.20)

where
€, and g, are the error covariance and error cross-covariance
at each iteration
1 is a stabilizing term
8 is an identity matrix

During the iteration the stabilizing term is added to the diago-
nal terms of the left-hand-side matrix of 32.20 to numerically
condition the matrix and thus to assure a stable solution. In our
approach, this stabilizing term is determined dynamically as the
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product of a constant weighting factor and the maximum value
of the diagonal terms of &, at each iteration.

The solution to Equation 32.20 requires knowledge of &, and
&> Which is approximated at each iteration. On the basis of the
first-order analysis (Dettinger and Wilson, 1981), hydraulic head
at the rth iteration can be written as a first-order Taylor series:

i {r)
p=H. +h7 =G,¥ + ) » G, (7" 4 2GE") 1 (32.21)

Y;( r

where G, represents the steady-state governing equation 32.1. H.
is the conditioned mean head. The first-order approximation of
the residual 1) can then be written as

aG(Y")

dlnK

h(r) = )r(r) = ]J(rr)ffr) (3222)

k

We then derived the approximate covariance of 4 and cross-
covariance between f and h® in the following two equations:

£ = ];rjsﬂ?tlj;‘i_'tl-)
(32.23)

(r) _

{r1a(r)
E),f— r.(r

rE

J

where J; is the sensitivity matrix with the dimension mn;, x N, It
can be evaluated using an adjoint-state method (see Section 32.6
for details). Superscript T stands for the transpose, and e is the
covariance of f, which is given by

nf nf +nmy,
E%)(Xﬂ:xk):Rﬁ'(xn:xk)—ZA—,‘QRJ(X,',X]C)* Z
i=1

I=1

!—lzoR_fh (x1,x4)

(32.24)

At iteration r = 0, where k = 1, 2, ..., N, and A and p are the
cokriging coefficients. Equation 32.22 is the cokriging variance
if X, = x,. For r > 1 the covariance are evaluated according to

nf +ntny,

i E () ,(r)
sz}(xu‘xk)— m‘.;aﬂf

I=nf+1

(r+1

Sﬁ" J(xﬂ:xk)

(x,x;)  (32.25)

The covariance is the approximated conditional covariance. The
diagonal terms of the covariance matrix is the variance of the
parameter at a specific location. During the parameter estimation
process, this variance can also be plotted as an indication of the
uncertainty from the observation data. Usually, this variance from
the last iteration or residual variance is shown in the form of contour
maps to represent the reduction of uncertainty for each parameter.
After updating Y (x) from Equation 32.19, the governing equa-
tion 32.1 is solved again to obtain a newly updated head field ¢.
Equations 32.17 through 32.25 form the necessary steps to

is

perturbation with respect to the conditional mean. After re
the mean head from Equation 32.26, we have

For the derivation of covariance of ) and cross-covariat
between f, s, and h® as done in Equation 32.23, we
consider the correlation between K and S.. The results are

& is the residual covariance for In §, at iteration f, an
updated with a similar equation as 32.24 or 32.25. When

on autocovariance function, that is, Equation 32.12. 1
not enough information to obtain a covariance function:
cific storage, it is usually assumed that it has the same §
structure as the hydraulic conductivity.
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implement HT under steady-state
kept on iterating until certain cri
the change of variance o7

conditions, A]] the'-s-tepg

and the change of biggest head
fit among all the monitoring locations between two SUCH
iterations. If both changes are smaller than the prescrib
ances, the iteration process stops. If not, &yand g, are eyal
using Equation 32.23. Equation 32.20 is the
a new set of weights,

* . .
¢, — ¢! | to obtain a new estimate of ¥(x),

32.5.2 Transient-State Flow
in Confined Aquifers

During pumping tests, steady state is hardly reached. Head
vations always show variation because of storage effect, The e
tions mentioned earlier need a few changes to adapt
conditions, which could be described by governing equati

If storage measurements from core samples are a
cokriging steps as shown in Equation 32.17 are also per
to produce the parameter distribution, ‘The update of paran
like Equation 32.19 should also be conducted for specific

separately. For the first-order eXpansion step, an observed my y
head is expanded as

. aGZ (Yf(r),SCfr))
dlnK

fm 3 oG, (Y}”,S}" ’

=G (Y",51) P -

1,40 i

where G, represents transient groundwater governing Equatio

S, is the conditional estimation of In S, at iteration r, and §

h(ra z]}r)ffr)_,’_]jtr)sfr)

(r}

4 () (r)pTir)

&y = ]}r)S%J]f M I fry U
(r} _ plri{r)
By =y
(r) {r)(r)
E;,'s :Lr €5

the initial covariance function and it can be calcula
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Different from steady-state condition, there is more than
one head observation (secondary data) in the drawdown curve
for each observation well. Only a few data points on each
drawdown curve are picked for parameter estimation because
there is some redundant information among data at different
time periods as described by the cross-correlation analysis in
Section 32.4 and also more data points require more compu-
tation power. A typical choice is 2 data points at early rising
Jimb of the drawdown curve and 2 more data points at the
Jate limb of the drawdown curve. Drawdown data at early
period is good for the estimation of S, and late time data will
yroduce good K, estimation. This choice is consistent with the
cross-correlation pattern between hydraulic parameters and
head perturbation.

'32.5.3 Transient-State Flow
in Unconfined Aquifers

For groundwater flow in unconfined aquifers, we have more
hydraulic parameters involved K, S, a, and 6,. Each hydrau-
lic parameter has to be stochastically represented as shown by
Equations 32.9 and 32.13.

All of these parameters have to be estimated following the
procedures as done in steady-state confined aquifers. However,
during the first-order approximation step, all of these param-
eters have to be included in the expansion

hln] — Jrjrr) (r) i L(_rls{r) +]f'r5acrl +L(;")t!trJ (32'29)

Similar to the calculation for transient condition, the corre-
lation among all the hydraulic parameters are ignored. The
corresponding cross-covariance and head covariance can be
calculated:

T T T T
Epp = Jrfsﬂ}f +f,E;sI, + Iasrm)r;. i i ]:‘-Si.r,],_\

€y =JEp & =]y (32.30)

Epa = ]nsem Siu! — ]155!,:,

The initial estimation of covariance for all the parameters
could be based on the core samples. If not available, they can
be assigned based on empirical data. Normally, unsaturated
Parameters have smaller variability, and therefore a smaller vari-
ance value could be assigned.

With the inclusion of more parameters for estimation, on each
drawdown curve, we need to choose more data points in order
10 obtain a good estimation. Similar to the data choice for tran-
Sient flow under saturated condition, we normally add two more
data points at late time of the drawdown curve because unsatu-
fated parameters have larger correlation with observation head at
this stage. In Section 32.4, we have used saturated water content
35 an example for the changing cross-correlation of unsaturated
Parameters,
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32.6 Adjoint-State Method

A crucial step during inversion is the evaluation of sensitivity
of observed heads with respect to hydraulic parameters. In this
content, for each parameter, the sensitivity matrix or Jacobian
matrix ]/ will have dimension N x mn, N is the number of
parameter blocks. mn, is the total number of observation data
during a tomographic test. There is one point we need empha-
size that there are often two types of meshes during a numerical
implementation of H'T method in order to reduce the computa-
tion burden. The number N usually represents the number of
elements or blocks employed in the parameter estimation step,
usually called inversion mesh. It could consist of more than one
element or block in order to obtain an accurate numerical result
when solving the governing equations or other related equa-
tions. The refined mesh is usually called computational mesh.

There are mainly three methods to calculate the sensitiv-
ity matrix, perturbation, sensitivity equation, and adjoint-
state method. Here, we mainly present the details of adjoint-state
method. A brief introduction about other two methods could
be found in Yeh (1986).

Adjoint-state method is often employed to obtain sensitiv-
ity because of its efficiency. Compared to normal perturbation
method, which requires N + 1 calculation of the forward govern-
ing equations, adjoint-state methods only requires solving mn,
times of the adjoint equation plus one time of the forward gov-
erning equation, mn,; << N under many conditions,

Here, adjoint-state equations for the three flow regimes are
given directly without any mathematical derivation. Details can
be found in Li and Yeh (1998, 1999), Hughson and Yeh (2000},
and Mao et al. (2013a).

V [Kx)VD|+8(x—x;)=0 (32.31)

V. [K(x)VD]+S, (;q: +0(x—x,,0—t.)=0 (32.32)
V-{K((p,x)VCD]—MVQ)V((p+ 2)+[BS, +C(cp,x)]aiD
do ot

+8(X — X, t—1.)=0 (32.33)

where
®d is the adjoint variable
x, and ¢, are the pumping well location vector and time for the
observation data

Adjoint-state equations is solved with the following boundary
and final time conditions:

D=0 atf= t‘,,'m,[

D=0 atT, (32.34)

K(@VD=0 atl,
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Equations 32.31 through 32.33 are the adjoint-state equations for
steady state and transient state under confined conditions, and tran-
sient state under unconfined condition. After solving these equa-
tions, several integrations have to be performed to reach the final
sensitivity used in the inverse step. Here, we show the integration
related to the transient flow in unconfined aquifer. The other two
conditions are only simplified versions of the following equations:

OhEte) J J‘ _K(@)VOV(p+2)dQdt  (32.35)
dlnK,(x,)
T Qe
OMXiste) _ J' J' .20 oo g -l o8 @tb}dﬂdt
élnalx,) oo oo Ot
T Qs
(32.36)
Ohh) J J 5 O o dcrae (32.37)
alnSs(x.,) ot
T2,
M=JJ‘J_QSM%¢)MC{I (32.38)
olnBs(x.) 4 J 20; ot

During the integration, &, represents the volume of each mate-
rial element, and it usually is a summation of several compu-
tational elements. T is the observation time in the forward
sequence.

32.7 Strategy for Implementation
of HT Tests

Yeh and Liu (2000) investigated the factors that will affect the design
of HT test based on steady state. We summarized their findings as a
guide for conducting HT test. In addition, we also add suggestions
related to transient data and pumping tests in unconfined aquifer
from results of Zhu and Yeh (2005) and Mao et al. (2013a).

1. Horizontal separation distance between observation wells
is better set as half of the horizontal correlation. The vertical
interval between two pressure monitoring locations should
be no more than half of the vertical correlation scale.

2. Optimal number of pumping locations is equal to the
ratio of the aquifer depth to the vertical correlation scale.

3. Theoretically, pumping rate has no effect on the esti-
mation. In practice, pressure data may be corrupted by
noises. An increase in pumping rate may increase the
signal-to-noise ratio such that inversion can yield better
results (Illman et al., 2008).

4. Parameter uncertainty in the input variance has no influ-
ence on the estimates. Uncertainty in correlation scales has
no significant effect on the estimate unless the correlation
scales are extremely underestimated or overestimated.

5. To simultaneously estimate hydraulic conductivity and
specific storage parameters, head data at both early and
late times should be used. Usually 4 or 5 data points from
each drawdown curve could be picked for HT inversion.
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More data points will require more computation powe
without effectively improving the estimation results, d
6. Late time observation data in the unsaturated zone {obs
vation from tensiometer) or near unsaturated zZone
improve the estimation unsaturated parameters,

32.8 Examples of HT Tests

HT technique has been verified with many examples as sum
rized in the introduction. Three cases from literature are chosen
to give some details of its application. -

32.8.1 Sequential Tomographic Test
under Steady-State Conditions

Yeh and Liu (2000) conducted a synthetic test to show the seq
tial inclusion of pumping test data to improve the estimati
hydraulic conductivity. Even though the theory in Section 32
for simultaneous inclusion of all pumping test data, we feel
it is necessary to present some sequential simulation results
readers visually see the benefit of conducting a hydraulic to
graphic test.
The numerical domain had dimensions 10 m x 5 m x 20
shown in Figure 32.6. Five pumping tests were conducted
vertical boreholes. During each test, 20 pressure measures
were obtained. They also had hydraulic conductivity values
locations in the domain as conditioning data as these data w
available in the field. The pumping tests were operated as st
state flow.
Figure 32.7b through f shows the estimated hydraulic conductiv
ity with sequential inclusion of data from the five pumping
The locations of pumping wells were indicated by the white sphe
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FIGURE 32.6 Schematic map for the hydraulic pumping
ducted in Yeh and Liu (2000). The 20 right triangles are the monit
locations. The five circles are the pumping locations, and th

represents the sequence of tomographic test, The two squares
hard data used to conditioned hydraulic conductivity.. (F :
T.-C.]. and Liu, S., Water Resour. Res., 36(8), 2095, 2000, Figure
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eh, T.-C.J. and Liu, S., Water Resour. Res., 36(8), 2095, 2000, Plate 1.)

i each figure. Compared to the true distribution of hydraulic con-
ductivity in Figure 32.7a, the improvements can be clearly seen from
ihe inclusion of new pumping test data. From the results, we could
te that the major features of hydraulic conductivity heterogeneity
¢ already captured after the first test. By including more tests,
more details of the heterogeneity were revealed.

32.8.2 Transient Hydraulic Tomography
in Fracture Geologic Media

fiman et al. (2009) published some results for a transient HT test
Onducted in a fractured granite aquifer. Two cross-hole pump-
Mg tests were conducted in an underground research laboratory
fl Japan. There site were characterized by numerous fractures
- faults. The purpose of the HT test was to delineate some of
fie dominant fracture zones,

‘7“"’0 pumping tests were conducted at one of the deep bore-
10s. The first test was located at intervals of 191-226 m and the
*€ond one was at intervals 662-706 m. During each test, several
“€ations were isolated with packers in the boreholes to provide
Wdraulic pressure measurements.

-
2
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Estimated K
(#1,2,3,4,5)

FIGURE 32.7 With sequential inclusion of pumping test conducted at different location indicated by the white sphere from figure (b) through
t). Estimation of hydraulic conductivity reaches the true synthetic field reaches the true synthetic field which is represented by figure (a). (From

Figure 32.8 shows their results for the estimated tomograms
for hydraulic conductivity and specific storage. HT test captured
the high conductivity and low storage zones in the fracture aqui-
fer, which represented fast flow pathways. Those results were
also confirmed with the geological data in the same field. These
promising results from this research indicated the HT method
serve well for delineating large-scale problem.

32.8.3 Hydraulic Tomography Test
in a Controlled Sandbox

Estimating heterogeneous hydraulic parameter distribution in
unconfined aquifer is quite challenging, while Zhao et al. (2015)
conducted sandbox experiments and tried to estimate both satu-
rated and unsaturated parameters simultaneously.

The sandbox used in their experiments was shown in
Figure 32.9. Seventeen geological layers were created to simulate
the natural environment. Five pumping tests indicated by solid
squares were conducted during a HT campaign. During each
test, pressure head change during the whole pumping test was
monitored in the rest of the ports. Both pressure transducers and
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FIGURE32.8 3-D K tomogram (m/d) (a) and S, tomograms (1/m) (b) obtained from the inversion of two cross-hole tests. Pumping loca

indicated by solid white spheres, while observation intervals are indicated by solid black squares. (From Illman, W.A. et al, Water Resour
WO01406, 2009, Figures 4 and 6.)

Z{cm)

X (cm)

FIGURE 32.9 Front view of sandbox aquifer used for pumping tests showing layers and port locations. Solid black circles indicate the
transducer ports; solid white circles indicate the tensiometer ports; solid gray circles indicate the water content sensor ports. Squares i

pumped ports to generate the drawdown data for inverse modeling, while the dashed squares are pumped ports to generate data for v
purposes. (From Zhao, Z. et al., Water Resour. Res., 51, 4137, 2015, Figure 1.)

tensiometers were employed to capture the pressure change in
saturated and unsaturated zones.

Their estimated results for K,, S,, a (pore size parameter in
Equation 32.7), and 0, were shown in Figure 32.10. Results revealed
that the HT analysis was able to accurately capture the location and

extent of heterogeneity including high and low K layers wi
saturated and unsaturated zones, as well as the general dist
pattern of o and 8, for the Gardner-Russo’s model in un:
flow influenced region, and S; we could only have the

results in the saturated zone. The estimated tomog
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Jluated by both visual inspection with stratigraphy in the sand-
« and the pumping tests not used for HT tests.

‘The residual variance for each parameter was shown in
sioure 32.11. For K, the variance had reduction everywhere in
e domain, which is indicated by the characterized heterogene-
tyin Figure 32.10a. As for S, the low residual variance on the top
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of the domain was from numerical errors and we can only trust
the results in the saturated zone. Unsaturated parameters a and
6, both had a reasonable reduction of uncertainty in the unsatu-
rated zone and the residual variance were almost constant in the
saturated zone, which indicated the limited influence of unsatu-
rated flow to the saturated zone.

Z (cm)

K (cm/s)

@ 1.0E+00

83 7E-01
1.4E-01
5.2E-02
' 1.9E-02
o 72E-03
2.7E-03

I 1.0E-03

100 (= S, (cm'l)
= i 4.0E-03
0 1.9E-03
8.8E-04
5 60 b 41E-04
~ I 1.9E-04
40 2
'9.1E-05
5l o 4.3E-05
2.0E-05
50 100 150 200
(b)
E
S
N
(c) X (cm)

FIGURE32.10 Estimated tomograms of (a) K, (b) S, using sandbox pumping test data, Solid squares indicate the pumping ports used for inverse
Stimation, Dashed squares indicate the pumping ports used for validation purposes. @ indicates locations for pressure transducers. ¢ indicates
.hcatlons for tensiometers. (From Zhao, Z. et al., Water Resour. Res., 51, 4137, 2015, Figure 2.) (c) o

(Continued)
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FIGURE 32.10 (Continued) Estimated tomograms of (d) 6, using sandbox pumping test data. Solid squares indicate the pumping ports use;
for inverse estimation. Dashed squares indicate the pumping ports used for validation purposes. e indicates locations for pressure transd
o indicates locations for tensiometers. (From Zhao, Z. et al., Water Resour. Res., 51, 4137, 2015, Figure 2.)

32.9 Tomographic Tests in Geophysics

Geophysical imaging allows the nonintrusive imaging of pet-
rophysical properties. Methods are typically categorized as
active (using sources and receivers, e.g., georadar and seis-
mic) or passive with only a set of receivers (self-potential and
gravity). Geophysical information can also be used to supply
further information to hydraulic tomography. One approach
is to use cokriging or kriging with external drift if the petro-
physical property derived from geophysical tomography show
some degree of correlation with the hydraulic properties (for
instance, Troisi et al., 2000). Along these lines, we can note that
some petrophysical properties imaged using an active method
named induced polarization shows some strong correlation with
hydraulic conductivity (see Revil and Florsch, 2010). In addition,
active and passive methods can be used to monitor pumping
tests because of their direct sensitivity to hydraulic parameters.
In gravity, we measured the vertical acceleration of the gravity
field at the ground surface. These gravity measurements can be
used to probe the mass density of the subsurface. Time-lapse
gravity measurements can be used to image changes in the
water content during pumping tests (e.g., Gonzales-Quiros and
Fernandez-Alvarez, 2014). The self-potential method is another
passive geophysical technique in which the electrical field is
passively measured at the ground surface using a network of
electrodes and a voltmeter (Revil and Jardani, 2013). The flow of
water in a porous material drags the excess of electrical charges
contained in the vicinity of the pore water mineral interface,
creating a tiny electrical current of electrokinetic nature. Self-
potential measurements can also be used directly to assess the
distribution of the Darcy velocity and the hydraulic conductivity
of confined aquifers (see Soued Ahmed et al., 2014).

8

s
4.7E-01
4.0E-01
3.3E-01
2.7E-01

2.0E-01

150 200

Various studies clearly illustrates that petrophysical pro
erties derived from geophysical imaging (e.g., p-wave ve
derived from full waveform or travel time tomography) d
not correlate very well with the hydraulic properties estima
by HT (e.g., Brauchler et al., 2012). However, despite that
distribution of these properties are different from the dis
bution of the hydraulic parameters, we can expect that si
geophysical survey can yield the shape or boundary of
hydraulic conductivity distribution. Indeed, both surveys n
be used to derive a similar geostatistical structure (in a sta
tic sense). For instance, the structural information existing
migrated seismic and georadar migrated images can be
to guide the inversion of the hydraulic data using an approach
called image-guided inversion (see Zhou et al., 2014; Soued
Ahmed et al., 2015).

There are many different ways to couple geophysical
hydrogeological information together, the most efficient
terms of reducing the non-unicity of the inverse problem bein
through a fully coupled joint inversion (for instance, Jar
etal., 2013). A review of recent developments in hydrogeophys
can be found in Binley et al. (2015).

32.10 Summary

In this chapter, we described the newly developed aquifer
acterization method hydraulic tomography. We started from the
statistic basement, and then gave the detailed theoretical
ground for steady and transient conditions. Three examples
given to illustrate the robustness of this new technique.
intent was not to cover all the research on this topic but ra
to provide mathematical background behind this technique 2
some examples to prove the robustness of this new technolo
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: URE 32.11 Residual variance of estimated tomograms for (a) In K, (b) In §,, (¢} In o, and (d) In 8. (From Zhao, Z. et al., Water Resour. Res.,
4137, 2015, Figure 4.}
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Glossary

Adjoint-state method: A numerical method for efficiently comput-
ing the sensitivity of a function (gradient of a function).
The number of equations it solves only depends on the
number of observation data not the number of unknowns.

Cokriging: Cokriging is a geostatistical technique used for
interpolation purpose. It is a linear-weighted averaging
method, and its weight depends not only on distance
but also on the direction and orientation of the neigh-
boring data to the unsampled location. Different from
Kriging interpolation method that uses relation of only
one variable at different locations, it takes advantages
of the relation between two or more variables.

Cross-correlation: The relation between a system response and
system parameter. In the hydraulic tomography back-
ground, it is used to represent the relationship between
an observed head with the hydraulic parameters every-
where in the domain. It ranges between —1.0 and 1.0,

First-order approximation: A truncated Taylor series expansion
in which only the first-order terms are kept. In the cur-
rent content, hydraulic head perturbation is expanded
with only first-order terms from the unknown hydrau-
lic parameters.

Hydraulic tomography: An aquifer is stressed by pump-
ing water from or injecting water into a well, and
the response is monitored at other wells. A set of
stresses/responses yields independent sets of data.
Sequentially switching the pumping or injection loca-
tions, without installing additional wells, results in a
large number of aquifer response caused by stress at
different locations.

Material mesh: A type of mesh used for assigning material
value, that is, the value of hydraulic conductivity, to
a specific element of a numerical model. Usually the
value is constant in one material element. Each mate-
rial element could be further refined with smaller ele-
ments, which are used for numerical computation, that
is, finite element method. The refined mesh is usually
called computation mesh.

Primary information: It is also known as hard data, which rep-
resents the information collected from core samples.
It could be a hydraulic conductivity, saturated water
content, etc. The information could be directly used
in a parameter estimation process and these values are
fixed during estimation process.

Secondary information: Data collected during a tomographic
test, that is, hydraulic head measurements. The data
are used in the estimation process to update unknown
parameter field.

Sensitivity: The response of a hydraulic head with respect to a
hydraulic parameter, that is, hydraulic conductivity.
For parameter estimation, we usually use the response
of a hydraulic head with respect to the logarithm of a
hydraulic parameter in order to avoid negative value.
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Simultaneous hydraulic tomography: A different datg
lation method compared to “sequential hyg
tomography.” All the abserved secondary info,
is utilized at the same time during Parameter ¢
tion process. In sequential hydraulic tomograp
ondary information from different pumping ¢
used one after one during the parameter est
process.
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Further Information

By far, there are no textbooks on the subject of hydra
raphy. We choose several references from the.
as further information.Berg and Illman (291_“’
the advantages of conducting HT test in a highly
geneous field site with comparison with other
aquifer characterization methods.

[llman et al. (2010) and Cardiff and Barrash (2011)
serve as literature reviews for the development |
technology. ‘

Kitanidis (1995) and Yeh et al. (1996) could serve as
cal support for geostatistically based inverse me
first-order approximation.



