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A cross-correlation analysis is conducted to determine the impacts of the heterogeneity of hydraulic con-
ductivity Kj, soil cohesion ¢’ and soil friction angle (tan ¢’) on the uncertainty of slope stability in time and
space during rainfall. We find the relative importance of tan ¢’ and ¢’ depends on the effective stress.
While the sensitivity of the stability to the variability of K; is small, the large coefficient of variation of

Ks; may exacerbate the variability of pore-water pressure. Therefore, characterizing the heterogeneity
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of hydraulic properties and pore-water distribution in the field is critical to the stability analysis.
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1. Introduction

Properties of geologic formation generally exhibit a high degree
of spatial variabilities at a multiplicity of scales. It is practically
impossible to characterize them in detail within a slope. This
reality forces us to cope with uncertain in our evaluations of slope
stability. Slope stability analysis considering spatial variability
of soil properties thus has become popular in recent years
(e.g., [3,5,7-10,14-18,21,29,30,32,36]). The soil properties, which
are considered significant to the slope stability and commonly
discussed in literatures, are the shear strength parameters (the
effective cohesion ¢’ and the effective soil friction angle ¢') and
the saturated hydraulic conductivity K.

Previous studies show that the spatial variability of the shear
strength parameters has various effects on the slope stability under
different circumstances. For infinite slopes, studies [3,16] showed
that analyses without properly accounting for spatial variability
can lead to unconservative estimates of the probability of slope
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failure. Li et al. [22] emphasized that the probability of slope failure
will be overestimated if a linear increasing trend underlying the
shear strength parameter is ignored or simplified as a constant.
For two-dimensional slopes, Ji et al. [ 18] found that ignoring spatial
variability of the shear strength parameters significantly overesti-
mated the failure probability. Cho [9] stressed the importance of
spatial variability of soil properties with regard to the outcome
of a probability assessment. Griffiths et al. [15] and Jiang et al.
[20] pointed out that ignoring spatial variability of shear strength
parameters could lead to non-conservative estimates (underesti-
mation) of the probability of slope failure, when the coefficients
of variation of the shear strength parameters are large, and the fac-
tor of safety evaluated at mean parameters is close to 1.

The effect of spatial variability of the saturated hydraulic con-
ductivity K; on the slope stability is complex. Santoso et al. [29]
pointed out that considering spatial variability of K, their analysis
can lead to a shallow slope failure, which does not exist in the anal-
ysis using a homogeneous slope. As mentioned by Cho [7], in the
early stage of infiltration, the wetting front’s advancement
decreases the factor of safety at the slope’s upper portion, and
hence, the critical failure surface likely exists in the upper portion
of the slope. As infiltration progresses, the critical failure surface
moves downwards, and the likelihood of failure at the base of
the slope continuously decreases. Besides, at early time, a large
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vertical correlation scale or a small coefficient of variation of K
lead to a small probability of failure at the impermeable slope base.
On the contrary, a large vertical correlation scale or a large coeffi-
cient of variation of K; may yield a large probability of the failure at
the base at late time.

Previous studies have focus on the effects of mean, variance, and
correlation structure (i.e., the averaged thickness, width, and length
of the heterogeneity) of parameters on the probability of slope fail-
ure. That is, these works reveal influences of the uncertainty or spa-
tial variability of properties over the entire slope, without resorting
to the detailed spatial distributions of properties. On the other hand,
the temporal evolution of the role of uncertainties of different prop-
erties (such as K and ¢/, ¢') at different locations in the slope stabil-
ity and the spatial relationship between the stability of a potential
slip surface and heterogeneity at various parts of a slope remain rel-
atively unexplored. Rainfall infiltration processes in slopes are gen-
erally complex because of the presence of saturated and
unsaturated zones and the time-varying water table, in addition
to the heterogeneous nature of geologic media. The effect of hetero-
geneity of different properties on the slope stability would evolve
with time during rainfall infiltration processes, and deserves further
investigation. In addition, the effects of spatial variabilities of
hydraulic properties (e.g., Ks) and mechanical properties (e.g., c/,
¢') on slope stability are generally investigated separately, and their
relative importance to uncertainties of slope stability and their
interaction are poorly understood. Furthermore, all these previous
studies have relied on Monte Carlo (MC) simulation, which is often
dependent on generated realizations of parameter values. Using
such an approach, it is also difficult to examine the direct relation-
ship between these properties and slope stability.

The objective of this study is to provide a better understanding
of the temporal and spatial evolution of uncertainty of slope stabil-
ity during rainfall, considering uncertainty or spatial variability of
parameters. In order to achieve this objective, we first investigate
the temporal and spatial evolution of cross correlations between
the factor of safety at a potential slip surface and the saturated
hydraulic conductivity and the shear strength parameters during
a rainfall infiltration process in homogeneous and heterogeneous
infinite slopes. Subsequently, the contributions to the standard
deviation of FS; at a potential slip surface from the variation of each
parameter are presented, using the typical ranges of the variation
of parameters reported in literature. Finally, seepage and stability
analyses of two typical heterogeneous slopes are used to illustrate
how the heterogeneities of soil properties influence the slope sta-
bility, and to demonstrate the importance of the cross-correlation
analysis of heterogeneous slope on the stability analysis of hetero-
geneous slope under rainfall infiltration.

2. Methodology
2.1. Basic equations

The factor of safety along ith potential slip surface (i.e., FS;) of an
infinite slope can be evaluated using the limit equilibrium model
(LEM) with a unified effective stress under both saturated and
unsaturated conditions [23]. If we let the pore air pressure u,
be atmospheric pressure (i.e., u, =0), FS; can be expressed as
(e.g., [1,7,16,22]):

(H — z)y; cos? § — &%) tan ¢ + ¢;

-
FSi= (H — z)y; sin fcos 8

:< L i )tanq&f
tanf (H—z)y;sinfcosf !
¢
H — z)y;sinfcos

+1 0<z<H, i=1,...n) (1)

where f is the slope inclination; 7; is the averaged total unit weight
above ith potential slip surface; H denotes the vertical distance of
soils from the slope base to the land surface; c; and ¢; are the effec-
tive cohesion and the effective soil friction angle at ith potential slip
surface, and z; is the elevation (positive upward) of ith potential slip
surface relative to the slope base (see Fig. 1); o represents the
effective negative pore water pressure under unsaturated condi-
tions or effective positive pore water pressure under saturated con-
ditions at ith potential slip surface [23].
The factor of safety for the entire slope (denoted as FS) is:

1 -0
tan * (H — z)y; sin Bcos 8
“
H —z)y;sinfcos

FS = min{FS;} = min { ( ) tan ¢;

+( }(0<2i<H,i:1,"',n)
(2)

According to [23], o7 can be expressed as:

. 00

7T,

(Ug — Uw,) = —Se, (Ug — Uy,) (3)
where uy;, Se, and 0; are the pore water pressure, the effective water
saturation and the volumetric moisture content at ith potential slip
surface, respectively; 0; and 0, denote the saturated and residual
volumetric moisture contents, respectively. o§ = S,u,, <0 for
unsaturated conditions (u,, < 0), o7 = u,, > 0 for saturated condi-
tions (u,, > 0). Via this unified effective stress theory, Eq. (1) can
account for both the reduction in matric suction and the develop-
ment of positive pore water pressure in a continuous form [7,23].

In this paper, the variation in unit weight resulting from
changes in moisture content during infiltration is considered by
integration of the moisture content profile above the potential slip
surface. That is, the total unit weight ), can be expressed as
follows:

Vi= i o G+ 02)p,)dz (0 <z <H) @

where 7, is the dry unit weight of the soil; y,, is the unit weight of
water.

The rainfall infiltration process in the infinite slope is assumed
described by a one-dimensional governing vertical flow equation:

Land surface

-~ Potential
7 slip surface

Slope base

Fig. 1. An infinite slope model.
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o (k (1)) = s+ cann 3 )

where z denotes the coordinate along vertical z-axis (positive
upward); h is the pressure head; K(h) is the hydraulic conductivity;
Ss is the specific storage; C(h) denotes the moisture capacity term; t
denotes time; # is the saturation index. h is a positive value if the
medium is fully saturated and is negative if the medium is unsatu-
rated. The relationship between u,, and h is u, = hy,,. K(h) varies
with pressure head under unsaturated conditions. S; represents
the percentage of water released from a unit volume of fully satu-
rated porous media under a unit decline in hydraulic head. On the
other hand, C(h) = 2|, is the change in moisture content in a unit
volume of the porous medium under a unit change of negative pres-
sure head, when the medium is under unsaturated conditions. In
other words, it is the gradient of moisture-pressure constitutive
relationship (i.e. moisture retention curve) at a given pressure head.
While S and C(h) are similar in definition, the physical mechanisms
they represented are quite different. S; is related to the compressibil-
ity of porous media and water while the medium remains fully sat-
urated, whereas C(h) represents desaturation or saturation of the
pores in the medium. On the right-hand side of Eq. (5), # is set to
1 if the medium is saturated and O if the medium is unsaturated.

The hydraulic conductivity-pressure head and moisture-
pressure head constitutive relationships of the soil within the slope
are assumed to be described by an exponential model [12]:

K(h) = K exp(ath) (6a)

0(h) = 0, + (0s — 0,) exp(ah) (6b)

, respectively, where « is the pore size distribution parameter.
2.2. Cross-correlation analysis

This section describes the cross-correlation analyses for slope
stability during rainfall infiltration process in homogeneous and
heterogeneous slopes. Table 1 summarizes the statistics of the soil
properties used for the analysis.

2.2.1. Homogeneous slope

In homogeneous slope cases, the parameters, K;, ¢’ and tan ¢’
values of the slope are uniform in space but they are uncertain
due to either measurement errors or lack of measurements. A
probabilistic approach is thus used to analyze the uncertainty in
the analysis of FS; in a slope during rainfall infiltration. This
approach assumes that each parameter (such as Ks, ¢’ and tan ¢')
is a random variable although it is spatially uniform. Because of
the uncertainty of each parameter, we express Ks = yy + py,,

¢’ =l + Do and tan d)/ = Heang + Prang' where Hygr Ko and Hiean ¢
Table 1

Prior statistics of K;, ¢’ and tan¢’, related parameters and slope geometrical
parameters.

Parameters Values
Mean of K, Hy, 0.2592 m/d
Mean of ¢, i, 5.0 kN/m?

Mean of ¢', g, 32°

COVs of K, ¢’ and tan ¢’ 1, lower bound, upper bound
Correlation scale, 4 0.3m, 0.8 m

Specific storage, S; 0.001 m™!

Saturated volumetric moisture content, 0 0.358

Residual volumetric moisture content, 0, 3.58 x 1074
Coefficient in exponential model, o 0.5m™!
Slope height, H 2m

Slope angle, 40°

Dry unit weight, y, 16 kN/m3
Unit weight of water, y,, 9.8 kN/m>

are their means (the most likely values) and py, po and pg, s
denote their perturbations (deviations from the means). Likewise,
the uncertainty in the FS; is represented by FS; = g, + prs,, Where
Uy, is the mean and pg, is the perturbation. Expanding the FS; in
Eq. (1) in a Taylor series about the mean values of parameters,
and neglecting second-order and higher order terms (in fact, only
the relationship between FS; and K; is nonlinear and first-order
approximation is applied), the FS; at ith potential slip surface at a
given time t can be expressed as:

OFS(z;, t
FS(20.0) = ftrs(2it) + Pys(zi ) = gz, t) + 2220
oKy |,
OFS(zi,t) OFS(z:,t) .
-  + A Pangy i=1,...,1n 7
ac MC 8tan¢> p tad>( ) ()

where the derivative is the Jacobian, the sensitivity of FS(z;, t) to the
change of a given parameter. The vertical bar with subscript u
implies that the sensitivity is evaluated at the mean values of all
parameters. After subtracting the mean part in Eq. (7), the FS; per-
turbation is

Prs(2i, ) = Jps, (2i, )Pk, +Jrse (Zis O)Pe
+]Fstand>/(zi7t)ptan¢/ (l: 17“'7”) (8)

in which J is the Jacobian.

Assuming that the perturbations of the different parameters are
mutually independent from each other, multiplying Eq. (8) by itself
on both sides, and taking the expected value of the result lead to:

2 2
0',275(2,-, t) = (]FSKS (z, t)) 0'12(5 + Upse (21, 1)) 0 ?/
2 .
+ (.IFStan(p’ (Zi7 t)) O-fanq&’ (l = ]’ [ERX} n) (9)

2 i i - 72 2 2
where 0%(z;, t) is the FS; variance at (z;,t); g, 02 and a7,

variance of K;, ¢’ and tan ¢, respectively. 6% (z;, t) represents possi-
ble deviation of the evaluated FS; from Hs, ata given (z;,t). Here, the
different parameters are assumed independent from each other
since their cross covariances are generally unknown.

Based on Eq. (8), the cross-covariance between FS; and a param-
eter can be derived by multiplying the parameter perturbation on
both sides of the equation and taking the expected value of the
resultant equation. That is,

, are the

GIZ-‘SKS(Zivt) :JFSKS(th)O'iS (i=1,...,n) (10a)
Opse (21,0) = Jpse (21, )07 (i=1,...,m) (10b)
O-I%Stanq&’(zia t) :.]FStamp’ (Zi7 t)o-tzandf (l =1..., n) (]OC)

where 6% (zi,t), 0% (zit) and oF, ,(zi,t) are the cross-
covariance between FS; and K, ¢, tan ¢', respectively. These cross-
covariances can be normalized by the square root of the product
of o4(z,t) and the corresponding parameter variance to derive
their cross-correlation functions. The cross correlation, denoted as

p, between the FS; at (z;,t) and K;, ¢/, tan ¢’ are

sk @00k Tk (200,

Prsi, (2, t) = = (i=1,...,n) (11a)
ok(z,t)0f,  OmlED
P r(Z' t) _ ]FSCJ(Zi7t)GL2" :JFSC'(Zi7t)aC/ (l =1 n) (l]b)
FSc/ \#1» 0_2 (Z. t)O-Z GFS(Zi-,t) goeey
rs\Zi, )0
an ¢’ Z,',tO'Z / (Zi, t)Otan o
Prstan ¢ (Zis £) :]FSt % D%ng :JFStand)( i 00uans (i=1,...,n)

ok, 0%, Trs 2, 0)

(11c)
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, respectively. Note that these cross correlations are dimensionless
(ranging from —1 to +1) and represent the relationship between
the uncertainty of a given parameter of the homogeneous slope
and the uncertainty in the stability of a potential slip surface at a
given time due to uncertainty of all parameters.

2.2.2. Heterogeneous slope

In order to investigate the effect of parameter heterogeneity on
the slope stability, we assume that each parameter (such as K(z),
c'(zi) or tan¢'(z;),i=1,...,n) of the slope is a spatial random field
or stochastic process. That is to say, the slope has a random variable
(e.g., Ks) at each location, which has a mean value and a variance,
representing the uncertainty due to the spatial variability as well
as lack of measurements. The slope thus is made of many these ran-
dom variables. This collection of random variables is called a
stochastic process or random field, which is characterized by a joint
probability distribution (see [33]). Consequently, these parameters
are expressed in terms of their means and perturbations:

Ks(z) = M, + Dy, (Zi) (i=1,...,n) (12a)
C/(Zi) = Ho +pc’(zi) (l: 1""’n) (12b)
tan ¢'(zi) = fny + Pang (@) ((=1....,1) (12c)

Similarly, the FS; perturbation at ith potential slip surface at a
given time t can be approximated as:

8FS Z,7 n 8FS(ZI'7 t)
pFS Zlv Z 81(5 ’ Ks (Zj) + < T(ZJ) upcr (Z})
OFS(z;,t) B
Zc’)tangbl tan¢’(zj) (,j=1,...,n) (13)

The derivatives (i.e., sensitivities) in Eq. (13) represent the
change in FS; at ith potential slip surface at time t due to unit
change in the parameter at location z; in the domain. Eq. (13) can
also be written in a matrix form:

Prs(t) = Jesi, (O)Px, +Jrse ()Pe + Irstan ¢ (D) Pean (14)

where Pg, Py,, Po and Py, 4 are n x 1 vectors. J, Jrse and Jesan o
are n x n Jacobian matrices. Assuming that different parameters
are mutually independent of each other, the cross-covariance matri-
ces between FS; at (z;, t) and different given parameters at z; in the
slope become

Resk (£) = Jesk, () Rk, (15a)
Reser () = Jpse (E)Ree (15b)
Resang (£) = Jrstan ¢ (ORan ¢ tan g (15¢)

where Resk,, Reses Resan g are n x n cross-covariance matrices for K,
¢ and tan¢', respectively; Ryk,, Reo, Rungang are nxn auto-
covariance matrices for K, ¢’ and tan¢’, respectively. Each auto-
covariance matrix represents the spatial statistical relationships
between a parameter (e.g., K;) at a given location and the parameter
at a different location. The spatial relationships of K;, ¢’ and tan ¢’
are modeled with an exponential function (e.g., [5]) with the same
correlation scale / in z direction. Spatial correlation scale / repre-
sents the distance within which the soil properties (such as K, ¢’
or tan ¢') are correlated in space. Physically, it describes the average
thickness of layers or stratifications in this slope [33]. The corre-
sponding FS; auto-covariance matrix Rgsgs based on Eq. (14) is given
as

Resrs (t) = Jesk, (DR sk, (6) +Jrse (ORecJjse (£)

+JFS'(am ¢ (t)Rtan ¢’ tan <//J£Stan ¢ (t) (16)

where the superscript T denotes the transpose. The diagonal com-
ponents of Rgss are the FS; variances (i = 1,...,n) at time t, which
are denoted as 0%(z;,t) (i=1,...,n). The o%(z;,t) represents the
uncertainty in FS; at ith potential slip surface at time t, due to uncer-
tainty in parameters at different locations over the entire domain.

The cross-correlation matrices, denoted as p, between FS; at
(zi,t) and K, ¢, tan¢’ at z; can be obtained by normalizing the
cross-covariances in Eq. (15) with the square root of the product
of the variance of FS; at (z;,t) and the corresponding variance of
the parameter:

R t)R .
Prsx. (¢ Fsk, (¢ ) _ e (DR, (i=1,...n (17a)
\/GFS zi,t) \/Uﬁs(zi; t)o,
pot) — Rt ) JoRee (g (17b)
\/an Zl \/O-Fs Zl7 r
pFStand) RFStandz (t) JFStanq;’(t)Rtand)’ tang’ i— 1, o ,n)
\/UFS Z,, tand) \/0-}275(2[7 t)agamb’
(17¢)

These cross correlations are not only the sensitivities of FS; to
changes in different parameters, they also consider the possible
magnitude of heterogeneity (variance) of parameters, and the spa-
tial correlation of parameters which reflects the spatial structure of
heterogeneity. As discussed in Mao et al. [25] and Sun et al. [31],
the cross-correlation analysis is the sensitivity analysis cast in a
stochastic framework with the consideration of possible spatial
relationship between parameters at different locations.

2.3. Sensitivity analysis

In this section, we formulate the sensitivity of the FS; with
respect to every parameter, which is required in the evaluation
of cross correlations.

There exist analytical solutions for calculating the sensitivity of
the FS; with respect to ¢’ and tan ¢'. For homogeneous slopes:

OFS(z,t)| 1
Jme®) == |, (H—z)u, (t)sinpcos p
O<z<Hi=1. . . (18a)
p_OF@ bl _ 1 —Hes (0)
Jrsitang (6) = otang’ |, tanp ' (H—z), (t)sinpcosp
(0<zi<H,i=1,...,n) (19a)

where (i, (t) and ,uaf(t) denote the mean value of y; and ¢} at time ¢,

respectively.
For heterogeneous slopes:
OFS(z;, t 1 j
Z,
Jes, () = # (H -2z, (t)sin fcos f
j aoc (Zj) m 0 i;éj (18b)
(0<z <Hij=1,....n)
Jrs.¢ /(t):M = ta“ﬁ+$;(ﬂlﬁco5ﬁ i=j
i tan ¢ Jtan d)/(Zj) u 0 i (19b)

(0<zi<H,ij=1,...,n)

That is, Jps and Jgsean e are n x n diagonal matrices.
However, due to the nonlinearity, the sensitivity of the FS; with
respect to K; needs to be evaluated numerically. In this study, a
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perturbation approach is employed. For homogeneous slopes, it
solves Eq. (1) for FS;, using . and a perturbed value py + AK.
Then, a first-order numerical approximation of Jg, is given as

Jesr (8 = 2FS@ D] _ AFS(z,0)
BT 0K |, MK,

FS‘NK +AK5(Zi7 t) - FS‘;LK (zi,t) .
- AK, (i=1....m) (202)

For heterogeneous slopes, it solves Eq. (1) for FS;, using p and a
perturbed value p + AKy. Then, a first-order numerical approxi-
mation of Jrsk, 1s given as

by OB@0]_ ARS(z
FSiKj o 81(5(21) " n AKS(ZJ) "
- FS‘;tKSJrAKSj (zi7 t) - FS‘HK; (Z,', t) (l
- AK,(z)

2.4. Numerical experiments

A shallow layered slope above a bedrock is used to demonstrate
the cross-correlation analysis. The geometrical parameters and all
the hydraulic and mechanical parameters used in this paper are
listed in Table 1. These parameter values are mainly based on those
used in the study by Cho [7]. According to Cho [7], the type of soil
used here is a typical weathered granite soil, sampled in Seochang,
Korea.

Also following Cho [7], the initial pressure head distribution in
the slope is —2 m through the depth with the impermeable bound-
ary located at the slope base. As rainfall occurs, a constant zero
pressure head is assigned to the top boundary to represent a con-
stant rainfall intensity.

This study employs a two-dimensional finite element analysis
code [35] to simulate the one-dimensional vertical seepage
described by Eq. (5). Subsequently, computed vertical profiles of
pore water pressure, effective water saturation and moisture con-
tent from transient finite element seepage analyses are used as
inputs for calculating FS; (i=1,...,n) at each time step by Eq.
(1). The entire infinite slope is discretized into 40 elements in the
vertical direction. That is, 40 potential slip surfaces (i.e., n = 40)

2T —_— T 2
s // — = 0.001 day (1.44 min)
- ———— (.03 day (43.2 min)
| ——<—— 0.1 day (144 min) -
i 0.5 day (720 min) |
15 1 day —H15
_t 1
E = B
-’
= i 1
g 1F -1
< | B
>
2 L |
M = .
05 o5
0 b [ EEERYENE BT R [N R 0
3 2 -1 0 1 2 3 4

Pore water pressure head (m)

(a) Pore water pressure head profiles

of different depths at an interval (Az) of 0.05 m are considered;
each element has a width of 1 m. These potential slip surfaces
are numbered 1-40 from slope base to land surface (see Fig. 1).

3. Results and discussions

The results and discussions will be grouped into (1) determinis-
tic analysis using the mean value of soil properties, (2) homoge-
neous slope model considering the uncertainty of soil properties,
and (3) heterogeneous slope model considering the spatial vari-
ability of soil properties. All these three groups are with the same
configurations of the slope geometry, grid mesh (elements), initial
and boundary conditions. The values of the parameters used are
kept the same unless specified.

3.1. Deterministic analysis

First, a deterministic transient seepage analysis is conducted, by
using the mean values of the soil properties (i.e., [, L Hian g ), O
study rainfall infiltration into the infinite slope with the imperme-
able boundary located at the slope base. The vertical profiles of
simulated pore water pressure and the corresponding factor of
safety at five different times (0.001, 0.03, 0.1, 0.5, 1 day) are dis-
played in Fig. 2a and b, respectively. As shown in Fig. 2a, the matrix
suction vanishes near the land surface after a short duration of
rainfall. We define the wetting front as the location where the
pressure changes from the initial pressure to the less negative
pressure (even the positive pressure) induced by the infiltrating
water. The wetting front propagates as rainfall infiltration contin-
ues until it reaches the slope base. The wetting profiles are rela-
tively gentle without a drastic change in moisture content at the
front due to the hydraulic conductivity-pressure head and
moisture-pressure head constitutive relationships of the soil. The
matrix suction of the soil behind the wetting front zone gradually
reduces over time and the soil becomes saturated afterwards. If the
rainfall continues when the wetting front zone reaches the imper-
meable slope base, positive pore water pressure builds up and the
phreatic surface in the slope rises, finally (after 1 day) the flow
becomes statics and fully saturated within the entire slope.
Fig. 2b shows the effect of infiltration on slope stability. The
wetting front’s advancement due to rainfall infiltration decreases

2 IARRE RERRS RNRRY RARRE LRRNE LERRS LRNAN RAREE RANEE RARRS LARAS LARRS LRARE LN 2

Elevation (m)
T

5 ——=—— 0.001 day (1.44 min) |
s 0.03 day (43.2 min) -

05 | ——<+—— 0.1 day (144 min) 05
| ———— 0.5 day (720 min) ,
L ——— 1lday i

0 TH‘IHH \\lHHl\\Hluul\\Hluuluulu\\lHHlHHlHHlHHﬁO
0 05 1 15 2 25 3 35 4 45 5 55 6 65 7

FS
(b) Factor of safety profiles

Fig. 2. Results of deterministic analysis with propagation of rainfall infiltration.
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the factor of safety at each potential slip surface. This destabilizing
effect makes the minimum value of factor of safety of this slope
decrease below 1.

This deterministic analysis provides a basic understanding of
propagation of the flow field and the evolution of stability at differ-
ent portions within the slope during the rainfall infiltration pro-
cess, which helps to further investigate the effect of uncertainty
or spatial variability of soil properties on the uncertainty in slope
stability analysis.

3.2. Homogeneous slope

Here, we use a homogeneous slope model to investigate the
effect of uncertainty of soil properties on the uncertainty of slope
stability over time. Again, the uncertainty represents the unknown
values of the homogeneous soil properties due to lack of measure-
ments or errors in the measurements. The temporal evolutions of
the cross correlation between the soil properties, including
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(i=39,30,20,2, i.e., z;=1.9,1.45,0.95,0.1 m) are illustrated in
Fig. 3. Besides the cross correlations, we also plot the ¢° with time
corresponding to each observed potential slip surface. Note that
the coefficient of variations (COVs, defined as ¢/u where ¢ denotes
the standard deviation and p denotes the mean) of all the param-
eters are set to 1.

As illustrated in Fig. 3, FS; at an observed potential slip surface is
negatively correlated with K. Physically, this means that if the FS;
evaluated at the observed potential slip surface is high, or in other
words, the potential slip surface appears stable and reliable, the K;
value of this slope is likely low and vice versa. Because less flow is
permitted to enter the slope with a K; value smaller than its mean
value, the pore-water pressure in the slope will not increase
rapidly as the one simulated with the mean value. As a result,
the slope stability becomes higher than the one under the infiltra-
tion in a slope with the mean K value.
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In Fig. 3, FS; at an observed potential slip surface is positively
correlated with ¢’ and tan ¢'. These results are expected because
a slope with higher values of ¢’ and tan ¢’ is more stable than that
with lower values of ¢’ and tan ¢'.

Generally speaking, the temporal evolutions of the cross corre-
lation between the FS; at different selected potential slip surfaces
with the parameters are similar. On one hand, the cross correlation
between FS; and ¢’ (i.e., pgs,, the green line with deltas in Fig. 3)
increases with the elevation. On the other hand, the cross correla-
tion between FS; and tan ¢’ (i.€., Ogs,an» the blue line with right tri-
angles in Fig. 3) decreases with the elevation. These results imply
that ¢’ becomes more critical to slope stability than ¢’ with the
increase of normal stress and vice versa. The variation of the cross
correlation between FS; and K; (i.e., pgs, denoted as the black line
with squares in Fig. 3) as a function of time at the higher elevation
(e.g., FS3g) is smaller but sharper than that at the lower elevation
(e.g., FS;). Note that ppg . Ops;iangy AN Ps, all vary over time with
the flow or ¢°. ppg (. ¢ decreases significantly due to increase of ¢°,
while pg. keeps increasing and gradually becomes relatively
higher than pg, .y, This finding demonstrates the important role
of ¢’ on stabilizing the slope under the influence of rainfall infiltra-
tion.At later times (t > 0.9 day), pg, tends to zero. This stems
from the fact that after the wetting front zone reaches the imper-
meable slope base, positive pore water pressure builds up, the
phreatic surface in the slope rises to the land surface, the flow
becomes statics (no flow) and the distribution of water pressure
becomes hydrostatic.

3.3. Heterogeneous slope

As a well-known fact, geologic media are inherently heteroge-
neous at a multiplicity of scales. A heterogeneous slope model,
which is more realistic than the homogeneous model, is used next
to investigate the effect of spatial variability of different soil prop-
erties at different locations on the uncertainty of slope stability
during rainfall infiltration process.

3.3.1. Sensitivity analysis

Fig. 4 shows the spatial distributions of the sensitivities of FSsg
(at elevation z = 1.45 m) to each one of the parameters (K, ¢’ and
tan ¢') at every element along the profile at some selected times.
Note all the sensitivities are evaluated at mean values of parame-
ters. The corresponding distributions of pore water pressure and
distributions of factor of safety at the selected times have been dis-
played in Fig. 2.As shown in Fig. 4a, the spatial distribution of sen-
sitivity between FS3o and K (Jgs, k) varies temporally and spatially
until t=1 day. We will denote the portion between the land sur-
face and observed potential slip surface as the upstream portion,
and the portion between the observed potential slip surface and
slope base as the downstream portion. At early times (e.g., 0-
0.03 day), the flow due to rainfall infiltration is mainly confined
in the upstream portion. Therefore, an increase of K,’s at this
upstream portion will increase the amount of water flowing to
the observed potential slip surface, and reduce the value of FSs.
Thus the sensitivity between FS3p and K;’s in the upstream portion
is negative. On the other hand, the perturbations of K;'s of down-
stream portion have no influence on FS3o, and hence the sensitivity
between them is zero. As the infiltration process continues, the
sensitivity between FS;o and K's in the upstream portion becomes
more negative. As water infiltrates into the downstream portion, a
decrease of K’s at this downstream portion will reduce the drai-
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nage of water from the observed potential slip surface, and
decrease the value of FS3o. This explains the positive value of sen-
sitivity between FS3p and K;’s in the downstream portion. Notice
that perturbations of K at the location of FS3g have no influence
on the FS3o. Overall, starting from the observed potential slip sur-
face where FS is evaluated, the absolute value of Jg, , increases
along the upstream direction and decreases along the downstream
direction. As explained in Section 3.2, at late times (t > 0.9 day),
the distribution of water pressure becomes hydrostatic, Jps, k,
becomes zero. That is, under this circumstance, perturbations of
K,’s within the entire slope have no influences on the slope stabil-
ity.As illustrated in Fig. 4b and c, only the perturbation of ¢’ or
tan ¢’ at the potential slip surface where FS, is evaluated can influ-
ence the FS3g. This result may be restricted to the limit equilibrium
model (LEM) employed in this study, which does not consider
deformation of the slope. In addition, sensitivities between FS3g
and the mechanical parameters (i.e.,, ¢’ and tan¢’) are positive.
Jrs,,c €an be viewed as temporal invariant because the influence
of changes in unit weight (i.e.,;) on the Jx, . is small. On the other
hand, Jgs, ny keeps decreasing during the infiltration. The values
Of Jps, .o @and Jgs,  can o are larger than the value of Jg, . during almost
all times of the infiltration.

3.3.2. Cross-correlation analysis

While cross-correlation analysis is similar to sensitivity analy-
sis, it considers the effects of different magnitudes of heterogeneity
(variance) of different parameters and the geological structure of
the slope (correlation scales) (see Mao et al. [25] and Sun et al.
[31]). Therefore, the cross-correlation analysis is deemed most
appropriate to evaluate the relative impact of spatial variability
of K;, ¢’ and tan ¢’ on slope stability.The spatial distributions of
the cross correlations between FS;y of the potential slip surface
at elevation z=1.45m and each one of the parameters (K, ¢’
and tan ¢'), denoted as P, « ., Prs,oc AN Pps, an > TESPECTiVeLy, at
some selected times are plotted in Fig. 5a, b and c. The COVs of
the parameters are 1.0 and the correlation scale 2 is 0.3 m.

As shown in Fig. 5a, generally, FSsq is negatively correlated with
the K's in the upstream portion (i.e., from the land surface to the
slip surface), and positively correlated with the K;’s in the down-
stream portion (i.e., below the slip surface). Because the flow is
mainly confined in the upstream portion at early times (e.g., 0-
0.03 day), the negative correlations between Kj's in the upstream
portion and FS3, increases while the correlation between FS;y and
K’s in the downstream portion remains zero. As infiltration contin-
ues into intermediate times, the correlation between K;'s in the
downstream portion and FS;p gradually increases from zero and
becomes positive. Meanwhile, the cross correlation between FS3,
and K;'s at the upstream portion continues to become more nega-
tive. As a result, a zero cross correlation point exists at around
z=13m, and is under the observed potential slip surface
(z30 = 1.45 m). Here we name this location as “reference point”.
Generally, starting from this reference point to either upstream
or downstream, the absolute values of both positive and negative
cross correlations first increase to a maximum, and then decreases
as the distance increases.

FS3p has the maximum correlation with the ¢ or tan ¢’ at the
location (elevation z = 1.45 m) where FSs, is evaluated, and its cor-
relation decreases gradually with the parameters at distances away
z=145m due to the spatial correlation of the parameters
(Fig. 5b and c). These figures also show that as infiltration contin-
Ues, Pgs, rany KeEPS on decreasing and pp, . continues to increase.

Next, we illustrate the influence of correlation scale /. on the
results of the cross-correlation analysis. The value of 1 is changed
from 0.3 m to 0.8 m. The resultant cross correlations between

FS3p and each one of the parameters (K, ¢’ and tan ¢') are shown
in Fig. 5d, e, f, respectively.

As shown in Fig. 5d, at early times(e.g., 0-0.03 day), due to a lar-
ger value of /, the negatively correlated portion at upstream
expands doward in comparison with that in Fig. 5a. At intermedi-
ate times, the location of the reference point (i.e., the location with
Prs,ok. €quals to zero) changes with time. By comparing Fig. 5d with
Fig. 54, it is found that when 4 increases, the elevation of the refer-
ence point becomes much lower. These results all indicate that
with a large 4, the autocorrelation between K; at any two locations
increases. The negative cross correlation, which has the absolute
value larger than that of positive cross correlation, gradually
becomes dominant within the slope. In addition, the distance
between the location with the maximum negative cross correlation
value and the reference point increases with 1.

In Fig. 5e and f, the temporal and spatial distributions of pg,
and g, an g are similar to those in Fig. 5b, and c. As locations of
parameters are away from the given potential slip surface
(z=1.45m), pp, o and Pgg ny decrease. Comparisons of
Fig. 5b and c with Figs. 5e and f reveal that the spatial reduction
rate of pg, . and P, (., becomes smaller with the increase of
J. These results demonstrate that the cross correlation is not just
sensitivity but it also includes our prior information of spatial
structure of the property of the slope.

These aforementioned results imply that the stability of a
potential slip surface is not equally influenced by parameters at
all locations within the slope, and the influences from parameters
at different locations on the stability of a potential slip surface
change with time.

3.3.3. Uncertainties from each soil property

Next, we show in Fig. 6a, b, c and d the temporal evolution of
standard deviation of FS;, op,, at four potential slip surfaces
(i=39,30,20,2,i.e.,z =1.9,1.45,0.95,0.1 m) of the slope due to
the spatial variability of all parameters (K, ¢’ and tan ¢'). We also
illustrate the contribution to o, from the variability of each
parameter. The correlation scale 4 is 0.3 m. The COVs of the param-
eters are intentionally set to the same, 1.0.

According to these figures, the values of o, (denoted as black
solid lines in Fig. 6) at all four potential slip surfaces generally
decrease with time. This reduction can be attributed to the fact
that the influences of tan ¢’ on FS; decrease as the rainfall infiltrates
the slope. In addition, the value of o, at higher elevation is larger
than that at lower elevation. This results stem from the fact that
the contributions to s, from variation of ¢’ (denoted as green lines
with deltas in Fig. 6) and tan ¢’ (denoted as blue lines with circles
in Fig. 6) increase with the elevation. The contribution to o, from
variation of ¢’ keeps steady while the contribution to g, from vari-
ation of tan ¢’ decreases over the entire infiltration period. The
impacts of the variations in K; on FS; (denoted as red lines with
squares in Fig. 6) at 30th, 20th, and second potential slip surfaces
continue to increase with the infiltration, except that at the 39th
potential slip surface at the upper portion of slope, where the effect
of variation in K; on FS; first increases sharply, then decreases with
time. This phenomenon may be because that the 39th potential
slip surface is close to the upper boundary so that the effect of vari-
ation in K; on FSsg yields to the influence of the constant head
boundary condition (h = 0) and eases with time. The impacts of
the variations in K on FS; at all four potential slip surfaces become
zero at late time when the distribution of water pressure becomes
hydrostatic. Overall, variations in ¢’ and tan ¢’ are shown to have
greater effects on the FS; than that of K.

However, in field sites, each soil property has its own degree of
variation. To be more realistic, the typical range of COVs of param-
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Fig. 6. Standard deviation of FS;, 0%, for every parameter as a function of time with 2= 0.3 m and COVs of 1.

eters in the field should be taken into consideration. These typical
ranges of COVs of these soil properties (K;, ¢ and tan¢’) are
obtained from available literature (e.g., [6,30]) and they are tabu-
lated in Table 2. As shown in Table 2, the COV of K; is much larger
than those of ¢’ and tan ¢'. The lower bound of the range of COV of
K is 27%. This is 4-7 times the lower bound of the range of COVs of
¢’ and tan ¢’, which are 4% and 6%, respectively. The upper bound of
the range of COV of K, reaches 767%, which is 10-20 times the
upper bound of the range of COVs of ¢’ and tan ¢'.

Thereafter, we set the COVs of these parameters to the values of
their own lower bound and upper bound, respectively. The similar
plots for the temporal evolution of o are illustrated in
Fig. 7a, b, ¢, and d for lower bound case and Fig. 7e, f, g, h for upper
bound case. As expected, in both the lower bound case and the
upper bound case, the contribution to o, from variation in Kj is
the most profound, and it persists over time before the flow
reaches the hydrostatic condition. Influenced by variation in Kj,
the values of o, at 30th, 20th, second potential slip surfaces
increase with time, and that at 39th potential slip surface mainly
decreases with time, as explained previously. Comparisons of

Table 2
Typical ranges of COVs of soil properties (K, ¢’
and tan ¢") base on Cao et al. [6] and Srivastava

et al. [30].
Property COV(%)
Ks 27-767
c 4-84
tan ¢’ 6-46

Fig. 7a, b, ¢, and d with Fig. 7e, f, g, and h indicate that the temporal
evolution of oy, at the same observed potential slip surface due to
the variability of each parameter follows similar patterns, which
have been illustrated in Fig. 6 and discussed previously. In addi-
tion, the values of o5, and the contribution to o, from variation
of each parameter in the upper bound case (Fig. 7e, f, g, and h)
are larger than those in the corresponding ones with same
observed potential slip surfaces in the lower bound case
(Fig. 7a, b, ¢, and d). Such differences are attributed to the larger
spatial variations in parameters in the upper bound case.
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Fig. 8. Typical realizations of the random field and the corresponding analysis results.
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4. Application to typical realizations

For the purpose of demonstrating the importance of cross-
correlation analysis on slope stability analysis, we examine two
synthetic heterogeneous slopes (examples 1 and 2) under rainfall
infiltration, and we then discuss their results of seepage and stabil-
ity analysis. The profiles of K;, ¢ and tan¢’ are shown in
Fig. 8a and d for example 1 and example 2, respectively. As illus-
trated in the figures, the profiles of ¢’ and tan ¢’ are the same in
these two examples, with the COVs equal to their upper bounds
of typical ranges (i.e., 0.84 and 0.46, for ¢’ and tan ¢/, respectively).
In addition, these realizations of ¢ and tan¢’ include linearly
increasing mean trends with depth, as reported by Li et al. [22].
The difference between these two examples lies in the COV of K.
Specifically, the realization of K in Example 1 is generated with
COV =1, while that in Example 2 is generated with COV equals
to the upper bound of typical range of K; (i.e., 7.67). That is, while
the spatial patterns of K are the same, the heterogeneity of K; in
Example 1 is much smaller than that in Example 2. The correlation
scale / is 0.3 m for all these parameters (i.e., Ks, ¢’ and tan ¢'). The
other related parameters remain the same as those in Table 1. We
employ the Karhumen-Loéve (K-L) expansion to generate these soil
properties (K, ¢’ and tan ¢'), assuming they are log-normally dis-
tributed (e.g., [2,11,16,19,22,26-28]). Readers interested in K-L
expansion are referred to other publications (e.g., [13,19,24]).

To simulate the rainfall infiltration process, the initial pressure
head is assumed to be —2 m along the profile; the top boundary is
set to 0 m, representing rainfall, and the bottom boundary condi-
tion is assumed impermeable. Based on cross correlation results
shown in Fig. 5a, we choose a time when the rainfall infiltrates
the slope to a certain depth and the effect of variation in K; on
slope stability is not zero. This selection allows examination of
the effect of K,'s at most parts of the elevations of the slope. Hence,
to reach the similar distribution of pore water pressure head
within the slope (shown in Fig. 8b and e), Example 1 takes
0.5 day while Example 2 takes 3 days. This is due to the difference
in the profile of K; (solid blue lines with squares in Fig. 8a and d).
The FS; profiles at 0.001 s day and 0.5 days for the two examples
are displayed in Fig. 8c and f. In both examples, at the very begin-
ning of the rainfall infiltration, the spatial variation in FS; profiles at
0.001 day (see the orange dash-dotted line in Fig. 8c and f) are
mainly influenced by the spatial heterogeneity of ¢’ and tan¢’
(see the green solid line with diamonds and the black solid line
with deltas, respectively in Fig. 8a and d). They have little relation-
ship with the spatial heterogeneity of K; (the blue line with
squares in Fig. 8a and d). Based on this result, the FS; profile at
0.001 day will be used as a reference to determine whether the
FS; profiles at later times are influenced by the spatial heterogene-
ity of K.

In Example 1, as shown in Fig. 8c, the spatial variation of FS; pro-
file at 0.5 day (solid red lines) is not much different from that at
0.001 day (dash-dotted orange line). This implies the effect of
heterogeneity of K; on the spatial variation of FS; profile remains
insignificant, comparing to the spatial heterogeneity of ¢’ and
tan ¢'. Although the COV of K (which is 1) is larger than those of
¢ and tan¢’ (which are 0.84 and 0.46, respectively), the impact
of the spatial heterogeneity of K can be ignored. In other words,
K, can be simply treated as a spatial invariant parameter (e.g.,
the mean value of K;) in the analysis of slope stability in this type
of slopes under rainfall infiltration.

However, in Example 2 (COV of K; = 7.67), the spatial hetero-
geneity of K; has significant impacts on the spatial variation of
FS; profile at 3 days, as revealed by comparing the FS; profile at
3 days (solid red line) with that at 0.001 day (dash-dotted orange
line) in Fig. 8f. Notice that the FS; at elevation of around 1.5 m

along the FS; profile becomes less than 1, which is the minimum
of all FS; (i=1,...,n), and it becomes the FS of the entire slope.
Similarly, note that the K at upstream of this location is large,
and the K; at downstream is extremely small. The water pressure
at this location is also highest as shown in Fig. 8e. This is consistent
with the cross-correlation analysis discussed previously. That is,
the stability of a potential slip surface is negatively correlated with
the K's in the upstream portion, and positively correlated with the
Ks’s in the downstream portion. Hence, FS; at this potential slip sur-
face becomes smaller.

In summary, mechanical parameters such as ¢’ and tan ¢’ are
intrinsic strength properties of a geologic medium, which have
direct effect on slope stability. Meanwhile, hydraulic parameters
(e.g., K) are secondary properties, which take effect on slope sta-
bility via water pressure. In view of this, the spatial heterogeneities
of ¢’ and tan ¢’ should have greater effect on slope stability than
that of K; (in terms of sensitivity). However, K; affects the effective
stress of the slope, and the COV of K; in the field is generally much
larger than those of ¢’ and tan ¢, as supported by the typical ranges
shown in Table 2. The spatial heterogeneity of K, thus can lead to
large variability of the effective stress, and ultimately results in
failure of a slope.

5. Conclusions

Generally, the stability of a potential slip surface is not equally
influenced by every parameter at all locations within the slope, and
the influences from each parameter at different locations change
with time. Identifying the dominant parameter and its location at
different times, and understanding how the parameter at a location
at different times correlates with the stability of critical slip surface
is important for design a site characterization scheme.

During the process of rainfall infiltration, the stability of a
potential slip surface is generally negatively correlated with the
Ks in the upstream portion, and positively correlated with the Kj
in the downstream portion. The stability is also positively corre-
lated with ¢’ and tan¢'. The relative importance of tang’ and ¢
depends on the effective stress. Specifically, the effect of tan ¢’ on
slope stability becomes larger than that of ¢’ with the increase of
the depth but it decreases with the accumulation of pore water
pressure. As a result, the effect of ¢’ on the slope stability becomes
critical under the influence of rainfall.

The sensitivity of the stability of a slip surface to variability of ¢’
and tan ¢’ is found to be larger than that of K. Its effects on uncer-
tainty of slope stability however may be small since the COVs of ¢’
and tan ¢’ in the field are generally small. On the other hand, while
the sensitivity of the slope stability to the variability of K; is small,
impacts of this variability on slope stability could be large under
heavy rainfall events since it controls the pore water pressure dis-
tribution in the slope. Moreover, the COV of K; in the field is gen-
erally much larger than those of ¢’ and tan ¢'. This large variability
may exacerbate the variability of pore water pressure even under
normal rainfall events. Therefore, characterizing the heterogeneity
of hydraulic properties like K; and monitoring pore-water pressure
distribution are critical to the slope stability analysis. Cost-
effective approaches for characterizing K; as suggested by Cai
et al. [4] and hydraulic tomography (see [33,34,37]) become
necessary.
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